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Abstract 

Nanofiltration membrane can be described by Nernest-Planck equation, where 

separation is a result of concentration, electrical and pressure gradients across the 

membrane. Ceramic Nanofiltration was used to study the effect of a cation and an 

anion on the separation behaviour. It was noticed from the theoretical solution that 

the rejection of Cl
1-

 was higher than the rejection of Na
1+

. The rejection of Na
1+

 

and Cl
1-

 ions increased as the volumetric flux based on membrane area (Jv) 

increased. Also the concentration of Na
1+

 and Cl
1-

 ions inside the membrane active 

layer decreased as the volumetric flux based on membrane area (Jv) increased. In 

addition, the rejection of Na
1+

 and Cl
1-

 ions decreased as the feed concentration 

increased. 
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1 Introduction 

The need for clean water is increasing and because of the limited water resources which 

require relatively little treatment to be made potable, it is becoming necessary to consider 

alternate sources that cannot be accessed by conventional water treatment techniques. One of 

the newer processes that can be used in clean water production processes is Nanofiltration 

which uses membranes with properties lying between those of ultrafiltration and reverse 

osmosis membranes. Nanofiltration membranes have the potential to be used in many 

different applications such as water softening, removal of hardness, removal of natural 

organic matter, removal of heavy metals, removal of viruses and bacteria, and the 

concentration of organic dyes. The permeation of ions through nanofiltration membrane can 

be described by using the extended Nernst-Planck equation, where it describes the solute 

concentration change inside the membrane and the change between the feed and the permeate 

concentrations. The extended Nernst-Planck equation describes the transport of ions through 

nanofiltration membrane in terms of concentration gradient, electrical potential gradient and 

pressure difference across the membrane. The concentration and the electrical potential 

gradients give rise to ionic diffusion across the nanofiltration membrane, while pressure 

difference causes convection of ions across the membrane, (ref. 2). 

A model is very important in predicting the membrane performance, understanding the 

separation mechanism for various substances, selecting the appropriate membrane for a 

specific application and process design and optimization. In this work, a mathematical 

modelling of the extended Nernst-Planck equation was used due to its description of the ionic 

transport mechanisms through nanofiltration membranes and to try to understand 

nanofiltration membrane separation behaviour, where later it would be compared to an 
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experimental work. The mathematical model was developed for a negatively charged 

membrane and one type of electrolyte system, i.e. charged solutes. The charged electrolyte 

system is in the form of a salt solution containing one anion and one cation species. The 

existence of a cation and an anion will cause the Donnan effect and consequently affect the 

separation performance together with the steric effect. 

Nernst-Planck equation was solved by using two mathematical methods, which are Euler and 

Runge-Kutta methods, and the solution was obtained by using FORTRAN program. The two 

programs were run for different feed concentrations and permeate flux (volume flux based on 

the membrane area), which were obtained from the experiments. The model was solved for 

NaCl solution at two different feed concentrations, which were 10 and 100 mol/m
3
. For each 

concentration value, the model was solved for different volume flux values that ranged 

between 1.0E-7 to 9.0E-6 m
3
/m

2
/s. These readings were similar to the values used in the 

experimental work. The change in these parameters values was done to observe their effect 

on the membrane rejection and if the results obtained from the theory agrees with the results 

obtained from the experiments. The membrane active layer thickness was assumed to be 

equal to 20.0E-6 m, which was obtained from the membrane pictures taken by SEM (FEI 

Quanta 200, Purge, Czech Republic) and EDXS equipment (EDXS, Amertek Inc, Paoli, PA, 

USA). The pictures for the membrane active layer were taken at different scales. 

2 Theory 

The extended Nernst-Planck equation covers all of the three important aspects in transport 

mechanisms through nanofiltration membrane: diffusion, electro-migration and convection. 

The model development is based on two approaches: the irreversible thermodynamic 

approach and the hydrodynamic approach, which are governed by both the steric and the 

charge effects, which in turn govern the ion transport through nanofiltration membrane. The 

steric effect is caused by the difference between the membrane pore radius and the solute ion 

radius, while the Donnan effect is actually the result of the charge polarities between the 

membrane and the solute. These combined effects influence the selectivity of the membrane. 

The concentration gradient and the electrical potential gradient cause ion diffusion across 

nanofiltration membranes, whilst the pressure difference causes convection of ions across 

nanofiltration membrane. Four assumptions were made 

 The solution is assumed ideal. 

 The membrane charge capacity is uniform. 

 All the ions that exist in the membrane are transportable. 

 The Donnan equilibrium takes place at the membrane/feed interface, and the 

membrane/permeate interface. 

The extended Nernst-Planck equation is given as 

dx

d
F
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DJcKj

piiii

pivicii




,
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where ji is the flux of ion (i) based on the membrane area (mol/m².s), Di,p is the hindered 

diffusivity (m²/s), ci is the concentration in the membrane (mol/m³), zi is the valence of ion 

(i), Ki,c is the hindrance factor for convection inside the membrane, Jv is the volume flux 

based on the membrane area (m
3
/m

2
/s), R is the gas constant (J/mol.K), T is the absolute 
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temperature (K), F is Faraday constant (C/mol) and  is the electrical potential (V). 

Transport of ions through the membrane is obtained by implying a set of boundary 

conditions. The ions rejection is calculated by writing the Nernst-Planck equation in the form 

of concentration and potential gradients. To obtain the concentration gradient, the ion flux is 

related to its concentration as 

vpii JCj ,     (2) 

where Ci,p is the concentration of ion (i) in the permeate (mol/m³). Substituting equation (2) 

into equation (1) and rearranging it gives the concentration gradient as follows  
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To obtain the potential gradient, several conditions were implied. The electro-neutrality 

conditions are fulfilled in the following order: the feed, the membrane and the permeate, as in 

equations (4) and (5). The membrane effective charge (Xd) is assumed to be constant and is 

given as 





n

i

dii Xcz
1

   (4) 

where Xd is the effective membrane charge density (mol/m³). The electro-neutrality condition 

in the bulk solution is given as 





n

i

iiCz
1

0     (5) 

The electro-neutrality condition in the permeate solution is given as 





n
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By applying the conditions in equations (4), (5) and (6) for equation (3) and rearranging it, 

gives the electrical potential gradient as follows 
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The Donnan equilibrium was assumed to apply at the feed/membrane interface and at the 

membrane/permeate interface. The Donnan equilibrium is given as 
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where γi is the activity coefficient of ion (i) in the membrane, γ i is the activity of ion (i) in the 

bulk solution and  is the steric partitioning term. Equation (8) defines the boundary 

conditions at both sides of the membrane. Assuming an ideal conditions then the steric 

partitioning was dropped from Donnan equation. Assuming that the solution is dilute then the 

activity coefficient, to be accounted for inside the membrane by the effective membrane 

charge density, would be equal to unity. Thus, the Donnan equilibrium becomes as 
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where ΔΨD is the Donnan potential (V) and Ci is the ion concentration in the solution 

(mol/m³). Then equations (3) and (7) can be solved over the following conditions 
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CCxxat
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where Ci,p is the concentration of ion (i) in the permeate (mol/m³) and Ci,f is the concentration 

of ion (i) in the feed (mol/m³). The rejection (R) of ion (i) is given as 

fi

pi

C

C
R

,

,
1   (10) 

The hindered diffusivity (Di,p) and the hindrance factor for convection (Ki,c) in Nernst-Planck 

can be obtained from the following equations. The hindered diffusivity is given as follows 

 ,,, idipi DKD    (11) 

where Di,∞ is the bulk diffusivity (m
2
/s) and Ki,d is the hindrance factor for diffusion. If the 

solute velocity inside the membrane pores is taken into consideration then the hindrance 

factor for convection (Ki,c) (refs. 1, 4, 5, 10, 16, 17, 18) is given as follows 

   0,2, iici GK     (12) 

where G is the hydrodynamic drag coefficient and  is steric partitioning term. 

3 Numerical solution 

Ion permeation through nanofiltration membrane was described by equations (3), (7) and (9). 

Equations (3) and (7) were integrated across the membrane active layer thickness and the 

internal solute concentrations (ci,1) is related to the bulk feed concentration (Ci,f) at the 

feed/membrane interface and the internal solute concentration (ci,N) is related to the permeate 

concentration (Ci,p) at the membrane/permeate interface through equation (9).  



5 
 

The feed concentration (Ci,f) with equation (9) was used to calculate the initial concentration 

inside the membrane (ci,1) and the integration of equations (3) and (7). Then the estimate of 

the permeate concentration (Ci,p) was calculated by applying the estimate of (ci,N) into 

equation (9). Then the ion rejection was calculated using equation (10). Two mathematical 

methods were used to integrate equations (3) and (7): Euler and Runge-Kutta. The 

permeation of ions through the membrane active layer is illustrated in figure 1.  

A value for dΨ/dx is needed in-order to integrate equation (3), which is a calculation that 

requires a value of the permeate concentration (Ci,p). It is therefore reasoning to solve the 

model in an iterative function using an initial guess for the value of the permeate 

concentration (Ci,p). Therefore it was assumed that the initial permeate concentration (Ci,p) 

was equal to the feed concentration (Ci,f) which implies that rejection does not take place. The 

feed concentration assumed to be equal to the initial feed concentration used in the 

experiments. The hindered diffusivity (Di,p), the hindrance factor for convection inside the 

membrane (Ki,c) and the Donnan potential (ΔΨD) were obtained from literature (refs. 4, 16). 

The solution was assumed to be dilute, as a result the activity coefficient, to be accounted for 

inside the membrane by the effective membrane charge density, would be equal to unity. The 

membrane thickness and the membrane pore size were obtained from the membranes used in 

the experiments. Figure 2 is the programme flowchart. 

 

Figure 1. Ion transport through membrane active layer. 
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Figure 2. The programme flowchart. 

3.1 Euler’s numerical method 

At the beginning, the initial permeate concentration (Ci,p) was assumed to be equal to the feed 

concentration (Ci,f) to be able to calculate the initial value of the concentration inside the 

membrane (ci). Then equation (9) was rearranged and written as 
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where Ci,f is the solute concentration in the feed solution. Equation (13) was used to 

determine the initial solute concentration inside the membrane (ci) - at the feed/membrane 

interface - by using the solute feed concentration. Then equation (3) was written according to 

Euler’s method as follows 
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Equation (14) was used to calculate the concentration inside the membrane. Then equation 

(7) was used to calculate the potential gradient (dΨ/dx), where it was substituted into 

equation (14) to calculate a new value for the solute concentration inside the membrane. 

After that, the step-size was assumed to be equal to the membrane active layer thickness over 

the number of steps, where the number of steps was equal to 200, as in the following equation 

Assume that the initial permeate concentration is 

equal to the feed concentration (Ci,p = Ci,p) 

 

Integrate equations 3 and 7 using Euler or 

Runge-Kutta 

 

Calculate change, change >< 

1.0-710-7 

Calculate R 

Stop 

Calculate the initial value for c1,j 

 

 

Calculate ci,1 , ci,2 and Ci,p 

 No 

Yes 
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node

xx
xstep 12      (15) 

where xstep is the step-size, node is the number of steps and x is the membrane active layer 

thickness. The ion concentration inside the membrane active layer changes from ci,1 at the 

feed-solution interface side to ci,200 at the permeate-solution interface side. Afterwards, the 

final concentration inside the membrane was used to calculate the permeate concentration by 

substituting its value into equation (9.9). The solute concentration in the permeate is given as 
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where Ci,p is the solute concentration in the permeate solution. Then the rejection of ions was 

calculated using equation (10). The programme would keep running until the difference 

(change) between the initial and final permeate concentration would be greater than 1.0
-7

, the 

change is given as follows  

pi

pipi

c

cc
change

,

,1, 
     (17) 

3.2 Runge-Kutta numerical method 

At first, the initial permeate concentration was assumed to be equal to the feed concentration 

in order to calculate the initial value of the concentration inside the membrane. Then the 

initial concentration inside the membrane was calculated by using equation (13). Afterwards, 

the potential gradient was calculated by using equation (7). Then the initial concentration 

inside the membrane and the potential gradient were substituted into equation (3), where it 

was integrated and gave a new value for the concentration inside the membrane. After that, 

the step-size was assumed to be equal to the membrane active layer thickness over the 

number of steps, where the number of steps was equal to 200. The step-size is given as 

follows 

nstep

xx
h 12 

 

 (18) 

where h is the step-size, nstep is equal to 200 and x is the membrane active layer thickness. 

Where the ion concentration inside the membrane active layer changes from ci,1 at the feed-

solution side to ci,200 at the permeate-solution side. Afterwards, the final concentration inside 

the membrane (ci,200) was used to calculate the permeate concentration. The new value of the 

solute concentration inside the membrane was used to calculate the solute permeate 

concentration by substituting it into equation (16). The programme would keep running until 

the difference (change) between the initial and final permeate concentration would be greater 

than 0.0000001, as in equation (17). 
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4 Results 

The programs have been run for sodium chloride (NaCl) for two different feed concentration 

values over a different volume flux based on the membrane area (m
3
/m

2
/s) values. The used 

concentration values were the same as the values used in the experiments. The initial feed ion 

concentrations were 10 and 100 mol/m
3
. The volume fluxes (based on the membrane area) 

that were used ranged between 1.0E-7 and 9.0E-6 m
3
/m

2
/s. The membrane thickness was 

assumed to be equal to 20.0E-6 m, which was the same as that of the used membrane in the 

experiments. 

4.1 Euler method 

For both concentration values - 10 and 100 mol/m
3
 - it was noticed that the rejection of Na

+1
 

and Cl
-1

 ions increased as the volumetric flux based on membrane area (Jv) increased. In 

addition, the rejection of Cl
1-

 was slightly higher than the rejection of Na
1+

. See Figures 3, 4, 

7 and 8. Such results are supported by the Nernst-Planck equation, where the membrane 

effective charge (Xd) would have played a role in causing a difference in the rejection 

between a cation and an anion. The membrane effective charge (Xd) is used as a condition to 

integrate equation (3) to obtain the electrical potential gradient, also the electrical potential 

gradient is used to integrate the Nernst-Planck equation to obtain the ions concentration 

inside the membrane and the permeate solution. It was noticed that the ions rejection 

increased as the permeate volume flux (based on the membrane area) increased, such 

observation supports the trans-membrane pressure (TMP) where the theory suggests that the 

ions rejection would increase as the TMP increases (refs. 2, 7, 8, 9, 11, 14, 17). In addition, 

the rejection of Na
+1

 and Cl
-1

 ions decreased as the feed concentration increased, (ref. 4). The 

rejection of Cl
1-

 was higher than the rejection of Na
1+

. Such rejection behaviour is related to 

the membrane charge, which is a negative charge. The membrane charge effect would appear 

in the module in the electrical potential gradient (see equations 4, 5 and 6), which would 

explain the difference between the rejection of Na
1+

 and Cl
1-

. Where repulsion between the 

membrane charge and the Cl
1-

 ions occurs while attraction between the membrane charge and 

the Na
1+

 ions occurs, which means that Na
1+

 ions would pass more freely through the 

membrane active layer and the Cl
1-

 ions would be rejected. For the two initial feed 

concentration values (10 and 100 mol/m
3
), it was noticed that the concentration of Na

1+
 and 

Cl
1-

 ions inside the membrane active layer decreased as the ions moved through the 

membrane active layer from the feed side to the permeate side. It was noticed that the 

concentration of Na
1+

 ion inside the membrane active layer was lower than the concentration 

of Cl
1-

 ion. See Figures 5, 6, 9 and 10. These results are supported by theory where it suggests 

that the ions concentration decreases as the ions moves through the membrane active layer 

from the feed/membrane interface to the membrane/permeate interface (refs. 12, 17). 

Moreover the concentration of the ions inside the membrane active layer decreased as the 

volumetric flux based on membrane area (Jv) increased, as an example see figure 11, (refs. 

12, 17, 18). 
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Figure 3. Rejection of Na1+ ion versus Jv (m
3/m2/s). 

 

Figure 4. Rejection of Cl1- ion versus Jv (m
3/m2/s). 

 

Figure 5. Na1+ ion concentration inside the membrane active layer versus the step-size. 
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Figure 6. Cl1- ion concentration inside the membrane active layer versus the step-size. 

 

Figure 7. Rejection of Na1+ ion versus Jv (m
3/m2/s). 
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Figure 8. Rejection of Cl1- ion versus Jv (m
3/m2/s). 

 

Figure 9. Na1+ ion concentration inside the membrane active layer versus the step-size. 

 

Figure 10. Cl1- ion concentration inside the membrane active layer versus the step-size. 
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Figure 11. Na1+ ion concentration inside the membrane active layer versus the step-size (for different volumetric flux (Jv)). 
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Figure 12. Rejection of Na1+ ion versus Jv (m
3/m2/s). 

 

Figure 13. Rejection of Cl1- ion versus Jv (m
3/m2/s). 

 

Figure 14. Na1+ ion concentration inside the membrane active layer versus the step-size. 
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Figure 15. Cl1- ion concentration inside the membrane active layer versus the step-size. 

 

Figure 16. Rejection of Na1+ ion versus Jv (m
3/m2/s). 

 

Figure 17. Rejection of Cl1- ion versus Jv (m
3/m2/s). 
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Figure 18. Na1+ ion concentration inside the membrane active layer versus the step-size. 

 

Figure 19. Cl1- ion concentration inside the membrane active layer versus the step-size. 

 

 

Figure 20. Na1+ ion concentration inside the membrane active layer versus the step-size (for different volumetric flux (Jv)). 
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5 Discussion 

The same results were obtained when using the Euler and Runge-Kutta methods. The 

difference is that the ion’s rejection values obtained by using the Runge-Kutta method were 

slightly higher than the values obtained by the Euler method. Also it was noticed that the 

rejection of Na
+1

 and Cl
-1

 ions increased as the volumetric flux based on membrane area (Jv) 

increased. Moreover the concentration of Na
+1

 and Cl
-1

 ions inside the membrane active layer 

decreased as the volumetric flux based on membrane area (Jv) increased (ref. 12), which 

supports the increase in the ions rejection as the volumetric flux based (Jv) increases. These 

results are related to the TMP, where the theory suggests that the ions rejection would 

increase as the TMP increases (ref. 2). In addition, the rejection of Na
+1

 and Cl
-1

 ions 

decreased as the feed concentration increased (refs. 4, 17), which was similar to results 

obtained from the experiments. 

The rejection of Cl
1-

 was higher than the rejection of Na
1+

, which agrees with the results 

obtained from the experiments. Such rejection behaviour is related to the membrane charge, 

which is a negative charge. Where the membrane effective charge (Xd) was used as a 

condition to integrate equation (3) to obtain the electrical potential gradient, as well the 

electrical potential gradient is used to integrate the Nernst-Planck equation to obtain the ions 

concentration inside the membrane and the permeate solution (see equations 4, 5 and 6). 

Repulsion between the membrane charge and the Cl
1-

 ions would occur while attraction 

between the membrane charge and the Na
1+

 ions would occur, which means that Na
1+

 ions 

would pass more freely through the membrane active layer and the Cl
1-

 ions would be 

rejected.  

Similar results were obtained by W. Richard Bowen et. al. (refs. 17, 18) over the boundary 

conditions that were used, where the rejection increased as the volumetric flux based on 

membrane area (Jv) increased. Moreover when applying the volumetric flux based on 

membrane area (Jv) that were used in W. Richard Bowen et. al. work, similar results were 

obtained with the model that was used in this work.  

Increasing the membrane thickness increased ions rejection, where the rejection was higher 

than 40%, which agrees with several works that have been done for nanofiltration membrane. 

Nevertheless, in this work, the thickness of the membrane active layer was considered as the 

membrane thickness because it is the main part of the membrane where ions separation 

occurs. In addition, the pore radius of the support layer is larger than the ions radius thus the 

ions would pass easily through the support layer; as a result, the support layer thickness can 

be neglected. However, if large molecules were used with such model then the support layer 

thickness cannot be neglected because it would have an impact on the rejection of molecules. 

Runge-Kutta method could solve equation (9.3) when the membrane thickness was assumed 

to be equal to 1.40E-3 m, which is the actual membrane thickness including the active layer 

and the support layer. On the other hand, Euler method could not solve equation (3) for a 

membrane thickness higher than 6.0E-4 m. The accuracy of both models was checked by 

doubling the step-size, were similar results were obtained.           

6 Summary 

The calculation method for the Nernst-Planck equation was described. The extended Nernst-

Planck equation was solved using Euler and Runge-Kutta mathematical methods. FORTRAN 

programme was used to solve the model. This model is known for its limitation and for being 
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more descriptive than predictive, and in-order to overcome these limitations experimental 

parameters were used. The chosen ions were Na
1+

 and Cl
1-

 ions. The model was solved for 

two different feed concentrations, which were 10 and 100 mol/m
3
. The membrane active 

layer thickness was assumed to be equal to 20.0E-6 m, which was obtained from the 

experiments. For each concentration value, the model was solved for different volume flux 

values that ranged between 1.0E-7 to 9.0E-6 m
3
/m

2
/s. More work need to be done in-order to 

improve this method such understanding the physics of solutions and the properties of ions 

because they have great effect on the nanofiltration separation process.  
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