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Abstract 

Idealizations are applied to describe modification of thin films by surface convective heating. 

Coupled diffusion equations are obtained through suitable transformations. The problem is 

inherently non linear and exact solutions have hitherto not been made available. This work 

uses certain transformations to obtain tractable linear solutions in terms of non dimensional 

heat transfer parameters. A small parameter expansion is applied to evaluate the thermal 

boundary layer. Results show that the glass transition of various alloys can be related to the 

boundary layer characterised by the non dimensional Stefan number. Keywords Moving 

boundary; convection; perturbation; surface films; phase transformations 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



INTRODUCTION: 

The first reports of amorphous alloys obtained by rapid quenching (splat cooling) 

were from the Duwez group at Caltech [1].  Since then for about 30 years, amorphous 

alloys were invariably formed as foils or thin ribbons, the formation of bulk 

amorphous alloy remaining elusive. However, via the copper mold technique [2], it 

has been reported that amorphous alloys of macroscopic dimensions (mm size) could 

be formed. 

 Chen reported that mm size samples were obtained by quenching [3].                  

In most of these high cooling rates were essential to “freeze in” the glassy structure. 

The analysis of the formation of such alloys has defied analytical methods for 

long, due in part, to the variability of results and the existence of similar phenomena 

in long chain organic compounds where the glass transition is common and 

documented.   Most analyses of the Tg phenomenon rely on activation energy 

approaches.  Chen [4] was among the earliest to formulate a thermodynamic 

approach.  At this time, certain features relating to the glass transition in metal-based 

alloys, such as the occurrence of glass formers in various groups of the periodic 

tables, misfit, and properties of eutectic regions were given [4,5].  However, for a 

time the thermodynamic approach was not pursued because the glass transition is 

strictly a nonequilibrium or quasi-equilibrium phenomenon in phase diagram 

parlance.  Ichitsibo [6] has shown that crystallization transition influences the glass 

region and hence the glass region is a precursor to the equilibrium solvus line. Thus, 

the glassy region may be considered as a Band around the solvus line. Physically this 

would be the mushy zone occurring ahead of the freezing front. 



The approach here is to examine this transition region and relate it to the 

properties of the combined heat and mass diffusion equation.  A boundary layer can 

be extracted from the resulting equations through mathematical analysis. 

Recent activity by Johnson [7] and earlier by Zhang [8] has mentioned various 

salient points about the transition zone.  Glass transition as a phase transition was also 

discussed by Belostotsky [9].  Glass science has traditionally viewed the phenomenon 

as viscosity driven where increasing viscosity controls the reordering of atoms in 

crystalline patterns. At most, empirical rules were stated for the favouring of alloys 

with amorphous structures. 

 

2. ANALYSIS 

A planar geometry is assumed. This is done to preclude favouring the formation of 

spherical or cylindrical nuclei in the form of spheres or whiskers. 

The equations are: 

Heat:   k d
2
T/dx

2
 + L dc/dt= cp dT/dt   (1) 

Mass:   dc/dt  = md
2
c /dx

2
 + m m d

2
T/dx

2
  (2)  

Transformation to non dimensional form by combining x and t by  = x/(
.5
 

T” + /2 T’ - ( eL/cp) /2 c’ =0    (3) 

At this point the concentration decoupling may be done via the solvus line slope g 

In the eutectic case g is negative in the L-  region 

Relating c’ to T’, c’= T’/g 

T’= dT/d = () 
-0.5

 dT/dx      (4) 

 

Substituting back in the differential equation,  

T” + /2 T’  - (L/cp) /2  c’  =  0    (5) 

 = x/ (t)
0.5 



Now, divide through by Tm to normalize T, and normalize c with  to get a non 

dimensional c, 

T” + /2 T’ - (L/cpTm) /2  c’  =  0   (6) 

  

T” +/2T’ (1+ L/gcpTm  )  =0 , with c’ = T’/g (7) 

The parameter [L/cpTm] may be replaced by the Stefan number, with Tm the fusion 

temperature. of the substance. 

Hence T” + /2[1+ g Ste] T’ =0    (8) 

Regard 1/[1+ g Ste] =  as the small parameter  

Then   T”  /2 T’ =0    (9) 

Let T (0) =A 

The approximation in the thin film is that Fo is constant, so this equation can be easily 

solved to give the solution passing through A at = 0 

T () = (A-C) exp( - Fo ) +C where C is an arbitrary constant.    (10)  

This analysis gives the boundary later thickness as (/Fo), where 

= 1/ [1+gSte]    (11) 

To analyze the effects of the surface, the Biot number is introduced by the film 

cooling relation, and T' replaced by T. The resulting equation is 

T’ + /2[ L/ cp] c’  + 2 T’ =0     (12) 

Relating c’ to T’ by T/c=g 

T” +/2[ L/gcp] T’ + Bi/2 T = Bi/2 T0    (13) 

Taking   = g/Ste    (14) 



T” + /2 T’ + [ Bi/2]T = Const =BiTo/2    (15) 



The solution that appears outside the boundary layer is large compared to the second 

order term and hence consider only the T’ and T terms.  The outer solution is then 

evaluated from  T’/ + Bi/ T = const/

Or, T’ + Bi / T = K.  The solution is     (16) 

T= K Bi) + C1 


    (17) 

A uniformly valid approximate expansion is obtained by matching the two expansions 

at the transition where the boundary length /Fo. 

Thus T () = (A-C) exp( - Fo ) +C    (18) 

And T() = K Bi ) + C1 


    

Matching the two at the B.L. where /Fo 

(A-C) exp (-1) +C= Ae
-1

 +C(1-e
-1

)= K (/Fo)[1/(Bi+1) +[C1/K](/Fo)
(-Bi +1)

] (20) 

Equating the coefficients,  

A= eK(/Fo)/(Bi+1)    (21)  

C(1-e
-1

)= C1 [/Fo]
(-Bi)    

(22)
 

C1 is the only unknown, and is to be obtained by using the condition at the surface of 

the outer layer. 

It can be verified that the outer solution vanishes at the inner surface where =0, 

while the inner solution goes to To= A 

(The main objective here is to derive the small parameter controlling the transition 

part of the inner solution) 

 

An exact solution to eqn (9) may be expressed in terms of the error function  by 

Wolfram or Tables, as 

    (23) 



Using the same boundary conditions, c2 =A, while c1 is obtained from the surface 

condition. 

 Where sqrt() =1.77245,  c1 and c2 are constants 

Accordingly the boundary layer away from the inner solution varies as 
0.5 

The exact solution for eqn (15) can be found from the solution to 

     (24) 

and is given by  Wolfram as

 (25) 

Where , 

 And  

 

 

 

 

 

 

 

 

 

 



In the following, the Stefan numbers are computed for various amorphous alloys and 

correlated with Tg. The results are given in Table 1   

 

 

 

 

Table 1: Computed Stefan numbers at fusion   

 

 



 

Fig 1 Tg vs /Ste  ( correlation R
2
=.9653) 

 

 

Fig 2 Tg vs 1/Ste 

 

Fig 3 Tg vs 1/sqrt(Ste) 

 

Fig 4  Tg vs  sqrt(/Ste) 

 

 

Metal   Latent heat Melting Pt.  Tm 1/Ste [1/Ste] Tg 

Co [10] 

Pd [11] 

Pt  [12]  

Ge [13] 

Si  [14]  

As[15] 

66 

38.2 

24 

114  

430 

72.67 

1770 

1827 

2045 

1210 

1685 

648 

.042 

.029 

.017 

.239 

.609 

.048 

6.635 x10-3 

1.903 x10-3 

1.017x10-3 

.045 

1.429 

.02 

746 

630 

522 

980 

1000-1473 

446 



3 Discussions  

 The initial work by Duwez was inspired by reports of Turnbull [16-19], on the 

production of amorphous alloys.  The analysis of splat cooled foils showed that the 

radial distribution functions obtained by X-ray diffraction were very similar to the 

liquid phase,   [5].  The earliest combinations were AuSi, Pd Si, and Cu Zr.  Initially, 

and for some time, the amorphous to glass transition was considered a viscosity and 

kinetically driven one [9, 20].  Na Chen mentions that short-range order clusters may 

exist.  The addition of other alloying elements appears to enhance the formation of the 

glass, by adjusting the composition towards the eutectic and helping the formation of 

local atomic structures [21].   Rapid cooling near Tm causes precursor aggregates to 

form awkwardly and prevent crystallization. Such precursors would appear in the 

"Mushy zone" in a region bordering the equilibrium phase solvus line. 

Mathematically this would be expected to occur in the boundary layer, with 

nonstoichiometric compositions.  The small times associated with rapid quenching 

would prevent the equilibrium interface formation. Additionally, if “glass formers” 

with large misfit atoms aiding a miscibility gap are present, then the tendency to form 

the equilibrium crystalline phase would be retarded by control of the assembly 

process. 

Spaepen used pico second laser quenching on Fe-B alloys, [22]. The velocity 

of the isotherm and the temperature gradient were estimated to give a “lifetime” for 

the melt as  = Tm/T’, where Tm is the melt temperature and T’ = Dth (▽T/d), with 

crystal growth velocity being controlled by the interface kinetics and thermodynamic 

driving force.  However, the effect of the boundary conditions affect the temperature 

field and the stability of the solution for the moving L-S interface appears to be 

related to a coupled MBP for which eigenvalues for the velocity can be derived [23], 



for various geometries. Hence a stable L-S interface would enhance formation of a 

crystalline phase, whereas if stability was not ensured, the breakup of the nucleating 

interface would ensue.  The thickness of the boundary layer where the transition 

occurs depends on the Stefan number, related to the latent heat and the undercooling.  

Thus  H/Cp T which is the Stefan Number relates the ratio of heat evolved during 

phase change to that associated with the transition or glass forming layer, and has 

been mentioned by many as (Tx-Tl)/Tg, Tm/Tg [ 24,25] and other combinations. By 

expressing H as Cp (T), several of these can be derived. 

Angell, discusses several approaches to glass formation and introduces the 

concept of “fragility”, [26] . The case of water and order-disorder transition is 

mentioned. Water, however, is a most unusual liquid with the highest specific heat 

capacity, and peculiar anomalous characteristics near the critical point. Hence results 

obtained from this substance may well lie off from the usual curves.  Johnson [7], 

obtained several correlations for Trg (reduced glass temperature Tg/Tm) and fragility 

m with the Fourier length. For thin films, the Fourier number (x/sqrt(Dt)) can be taken 

as constant. Simmons [27], suggests that most of the glass formers consist of larger 

aggregates with complex structures rather than simple radicals.   

The “Fragility” approach relies on the relaxation time temperature dependence 

and its deviation from the “theoretical “curve given nominally by the Arhennius 

relation.  A large number of studies have been done on aqueous solutions, starting 

with water from the Dead Sea and proceeding to other solutions and have been 

mentioned in [29].    Apparently for inorganic glass formers, Tg and m are 

independent, [30].   Other studies on water indicate by various experimental methods 

that the Tg is around 130-150K, [31-34].  Accordingly if the Stefan number is 

calculated using theheat of crystallization or 1.35 KJ/mole [34 ], a value of around . 



07 is obtained  This pair of values places the water data point below the value for As 

and one may postulate that it also follows the trend line for the  curve obtained earlier 

for the inner expansion using 1/Ste, but not for sqrt(1/Ste).  It does not fall exactly on 

the trend line and so it may be said to   show a deviation or “fragility” since it does 

not fall on the log or exponential curve given by the overall trend line.  As a matter of 

interest As also shows deviant behavior if the ordinate used in the square root of the 

parameter (1/Ste). Whether this relates to “fragility”, or some error in the values used 

(the data for the compound Arsenic tri selenide was used, so the dominant component 

could be said to be Se not As), remains for further verification. 

  

4 Results  

   Based on the perturbation analysis, the boundary layer thickness is found to vary as 

the small parameter  which varies as 1/Ste.  g has been assumed to be unity. The 

parameter 1/Ste shows better results than the square root parameter where the data fro 

As is seen to be deviant.   In actuality, the slope of the solvus line can also depart 

from unity.  These estimates were for metal complexes gleaned from the literature. 

The main component was used for labeling purposes. The boundary layer given by 

[1/Ste] was found to correlate well with the Tg obtained from the literature, and hence 

appears to indicate there is minimal deviance from the log law and hence no 

“fragility”.  The correlation was better when Ste was modified with the density.  

There appear to be distinctive associations depending on the position in the Periodic 

Table. For example, Ge and Si lie on a separate slope.  Depending on the type of 

regression one uses one may choose to associate all the points along a log or power 

law curve.  Further data to fill in the gap between Ge and Si may help to verify the 

upper portion of the curve.   



 

 

 

 

 

5 Conclusions 

The analysis is based on the diffusion equations and does not rely on the mechanics of 

the intermediate complexes that may form during the process.  By combining the x 

and t parameters, a quasi “steady state” approach was arrived at to estimate the small 

parameters relating to the boundary layer thickness. The rate of transformation 

between the liquid and solid phase would be obtained by solving the MBP problem 

and would give a conventionally “stable” transformation rate.   Physically, this 

boundary layer is known to exist between liquid and solid to foundry technologists 

and is often termed “mushy zone”.  The various techniques reported to “quench in” 

the structure during this transition have resulted in the glassy phase. This work may 

help to dispel the widely held notion and various persistent attempts to prove that the 

glassy state is merely a viscous liquid that cannot flow.  

There is no doubt interplay between dynamics of the transient states and the 

quasi steady state analysis given earlier in this analysis and subsequent correlation. 

The use of the similarity parameter combining x and t has allowed the analysis to 

develop other parameters where the ‘boundary layer in has yielded interesting 

correlations for Tg with thermodynamic parameters, without relying on so called 

“Activation energy” used in the usual Arrhenius formulations. Unfortunately thus far, 

the glass transition has remained a “dark glass” clouded by various paradigms [28] 

and misconceptions 
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NOMENCLATURE 
 
A, C, K constants 
 

 a,b,c1 c2 
 
Bi,   Biot number     

c  concentration 

c    normalized conc 

cp    specific heat 

D    differential operator, Diffusion coefficient 

Dth  thermal diffusion coefficient 

Fo   Fourier number     

g      temperature concentration gradient 

h      heat transfer coefficient. 

K     thermal conductivity 

k      thermal  diffusivity 

L     latent heat 

q     source strength 

s      interfacial position s = 2

Ste   Stefan number 

T     temperature 

T     non dimensionalised temperature 

T0    inner surface temperature 



Tm fusion temperature 

Tg glass transition temperature 

Tx  crystallization temperature 

Trg  Tg/Tm reduced glass temperature 

t       time 

x      axial coordinate 

GREEK Symbols 

α,  diffusivity ( subscript m for the mass component) 

m  thermo gradient coefficient 

δ Characteristic length 

▽ Gradient operator 

  difference 

ε recombination 

η similarity variable 

 small parameter 

time (non dim) 

m  non dim temperature 

μ small perturbation parameter (not to be confused with chemical potential) τ non-dimensional 

time 

ρ Density 

 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure Captions 
 

Fig 1 Tg vs /Ste  ( correlation R
2
=.9653) 

 

 

Fig 2 Tg vs 1/Ste 

 

Fig 3 Tg vs 1/sqrt(Ste) 

 

Fig 4  Tg vs  sqrt(/Ste) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
 
 

 

 

 

FIGURE 1  
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FIGURE 2 
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Figure 3 
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Figure 4 


